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une combinaison non homologuée...
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Proof: We multiply Equation (7) by an admissible test function in the form "4�(x, Z, x/"2) and we
integrate by parts. Using in particular h�1�h � h�2|rh|2 = div

�
h�1rh

�
, we get

0 =

Z

⌦
rxu" · ("4rx�

" + "2rX�
") dx dZ

�
Z

⌦
"4(rxh1 + "�1(1 �  ")rXh"2 � "1�↵h"2rx 

") · 1

h1 + "(1 �  ")h"2⇣
rxu"@Z(Z�") + Z@Zu"(rx�

" +
1

"2
rX�

")
⌘

dx dZ

+

Z

⌦
"4

|rxh1 + "�1(1 �  ")rXh"2 � "1�↵h"2rx 
"|2

|h1 + "(1 �  ")h"2|2
@Zu" · [@Z(Z2�") � Z�"] dx dZ

+

Z

⌦
"2

1

|h1 + "(1 �  ")h"2|2
@Zu" · @Z�

" dx dZ �
Z

⌦
"2p"("2divx�

" + divX�
") dx dZ

+

Z

⌦
"2(rxh1 + "�1(1 �  ")rXh"2 � "1�↵h"2rx 

") · 1

h1 + "(1 �  ")h"2
"2p"@Z(Z�") dx dZ.(21)

We recall that krxu"k(L2(⌦))(d�1)⇥(d�1)  C"1�↵ and k@Zu"k(L2(⌦))d�1  C. If ↵ < 3, we check
straightforward that all the terms containing the velocity u" disappear when " ! 0 in the former
relation. Since ↵ � �, this is a particular case of the assumption {3↵+ � < 12}.

We now consider the general case {3↵ + � < 12}. Let us focus on the main order terms of each
line in the right hand side of (21). Due to Estimate (11), for any p � 1,

k"2rxu"kLp  C"
6p�2�+2↵�(3↵��)p

2p + C" = C"ru(p)/2p + C",

where function ru was defined in the proof of Lemma 4.1. It was shown that, if (↵ + � < 6), there
exists pu > 1 such that ru(pu) > 0 and then lim

"!0
k"2rxu"kLpu = 0. It follows that

lim
"!0

Z

⌦
rxu" · ("4rx�

" + "2rX�
") = 0.

For the next terms, following for instance the lines of the proof of Lemma 2.1, we compute:

krx (x/"↵)kLq  C"�↵"
↵��

q . (22)

Thus the main order terms in the next four lines of (21) are such that

k"5�↵rx 
" · rxu"kLp  "5�↵krxu"kL2krx 

"kL2p/(2�p) , k"5�↵rx 
" · rxu"kL1  C"6�3↵/2��/2,

k"3�↵rx 
" · @Zu"kLp  "3�↵k@Zu"kL2krx 

"kL2p/(2�p) , k"3�↵rx 
" · @Zu"kL1  C"3�↵/2��/2,

k"6�2↵rx 
" · @Zu"kLp  "6�2↵k@Zu"kL2krx 

"kL2p/(2�p) , k"6�2↵rx 
" · @Zu"kL1  C"6�3↵/2��/2,

k"5�↵rx 
"p"kLp  "3�↵k"2p"kL2krx 

"kL2p/(2�p) , k"5�↵rx 
"p"kL1  C"3�↵/2��/2.

The work then consists in introducing auxiliary functions of the Lebesgue exponent p 2 (1, 2) and
linked with the powers of " in the estimates below. We then study their variations as in the proof
of Lemma 4.1. Here, instead of detailing all these computations, we have written the L1-estimates
to help the reader in visualizing the admissible ranges of scales. We conclude that assumption
{↵+ � < 6} \ {3↵+ � < 12} ensures the existence of some p > 1 such that

lim"!0 k"5�↵rx 
" · rxu"kLp = 0, lim"!0 k"3�↵rx 

" · @Zu"kLp = 0,
lim"!0 k"6�2↵rx 

" · @Zu"kLp = 0, lim"!0 k"5�↵rx 
"p"kLp = 0
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Biomimétique.

250 records du monde de natation en 2008.

America’s cup.

Applications militaires...
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Observations physiques

Effet “riblet” : rugosité, tourbillons et diminution
de la résistance au fluide.

Augmentation de la pression dans une mince
couche de fluide.

Dans un cadre plus prosäıque
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À l’échelle microscopique :

Réarrangement des particules :

Hors de nos capacités de calcul !
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À l’échelle du continu :

Équations de Navier-Stokes :

∂tρ+∇ · (ρ~v) = 0,

∂t(ρ~v) +∇ · (ρ~v × ~v) = −∇p +∇ · τ + ρ~f ,

∂t(ρe) +∇ · ((ρe + p)~v) = ∇ · (τ~v)

Un des problèmes du millénaire (1 million de dollars) :
inmaitrisable numériquement !
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Enfin un modèle manipulable à l’échelle du continu :

Approximation de Reynolds (1889) :

∇x ·
(h

3

6
∇xp

)
= ∇x (hub).

Enfin un modèle manipulable !

Puisqu’il s’agit d’une approximation, que vaut l’erreur ?

Où sont les effets de la rugosité ?



L’apport des mathématiques
Justification du modèle de Reynolds avec rugosité

9/11

Changements d’échelles :

1 de l’échelle des particules à l’échelle du continu ;

2 du continu 3D au continu 2D.
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Reconstruction de la peau de requin
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