
0DWKpPDWLTXHV SRXU O·+RPPH HW OD 7HUUH

6HPDLQH GHV PDWKpPDWLTXHV � PDUV ����

0LFKHO %HUWKLHU



6RPPDLUH

4XL SHXW OH PRLQV SHXW OH SOXV � JUDQGH XQLILFDWLRQ HW WKpRULH GHV JURXSHV

&RVPRV ���� � OD VWDELOLWp GX V\VWqPH VRODLUH

/D PDWULFH��� GH OD QHXURJpRPpWULH

(XFOLGH HW OH *36�



+LJJV HW VHV SRWHV

(Q WRXWH PRGHVWLH��� GpFU\SWHU O·XQLYHUV

7KpRULH GH MDXJH � XWLOLVHU OHV V\PpWULHV TXL WUDGXLVHQW OD FRQVHUYDWLRQ GH FHU�
WDLQHV TXDQWLWpV� 2Q H[LJH TXH OHV ODJUDQJLHQV �OHV TXDQWLWpV j PLQLPLVHU� VRLHQW
LQYDULDQWV SDU GHV WUDQVIRUPDWLRQV GH MDXJH ORFDOHV�
3HUPHW GH GpFULUH OHV LQWHUDFWLRQV HQWUH SDUWLFXOHV� &HV GHUQLqUHV VRQW FODVVpHV
HQ IHUPLRQV �PDWLqUH� VSLQ GHPL�HQWLHU� HW HQ ERVRQV �LQIRUPDWLRQ� VSLQ HQWLHU��



+LJJV HW VHV SRWHV

eOHFWURPDJQpWLVPH � SKRWRQ
,QWHUDFWLRQV IDLEOHV � :+� :− HW =0

,QWHUDFWLRQV IRUWHV � � JOXRQV
*UDYLWDWLRQ � JUDYLWRQ "
4XH YLHQW IDLUH +LJJV GDQV O·KLVWRLUH "

7URLV JURXSHV � 8���� 68��� HW 68���
GH GLPHQVLRQ��� �� � HW � �
8��� → FKDQJHPHQW GH SKDVH�
68��� → URWDWLRQV GH R3� VSLQ�
68��� → FRXOHXUV GHV TXDUNV �GRQW
O·H[LVWHQFH D pWp SUpGLWH SDU OHV UH�
SUpVHQWDWLRQV GX JURXSH��
%ULVXUH GH V\PpWULH � RQ DMRXWH XQ
WHUPH �XQ FKDPS VFDODLUH� DX ODJUDQ�
JLHQ pOHFWURIDLEOH �8���×68���� SRXU
GRQQHU GH OD PDVVH DX[ ERVRQV :+�
:− HW =0 �HQ JDUGDQW O·LQYDULDQFH GH
MDXJH����
1�%� � SDV GH EULVXUH GH V\PpWULH SRXU
OH ODJUDQJLHQ GH O·pOHFWURPDJQpWLVPH
FDU OH SKRWRQ Q·D SDV GH PDVVH�
0DLV���



+LJJV HW VHV SRWHV

/·H[LVWHQFH G·XQ ERVRQ GH +LJJV HVW
XQH FRQVpTXHQFH REOLJpH GX PpFD�
QLVPH GH EULVXUH GH V\PpWULH�
+DXW � SDUWLFXOH TXL LQWHUDJLW DYHF OH
FKDPS GH +LJJV�

%DV � ERVRQ GH +LJJV� UXPHXU TXL DF�
TXLHUW GH OD PDVVH HQ LQWHUDJLVVDQW
DYHF OH FKDPS GH +LJJV�
&(51 � µ/HV SDUWLFXOHV pOpPHQWDLUHV
GRLYHQW SHXW�rWUH OHXU PDVVH j
O·LQVDLVLVVDEOH ERVRQ GH +LJJV� VXU OH
SRLQW G·rWUH GpEXVTXp DX &(51µ�
/H � MXLOOHW ����� OH /+& D REVHUYp XQH
QRXYHOOH SDUWLFXOH GRQW OD PDVVH HVW
G·HQYLURQ ��� *HY���
µ([FOXUH O·H[LVWHQFH GX ERVRQ GH
+LJJV� >���@� DPqQHUDLW OHV WKpRULFLHQV
j pODERUHU GH QRXYHOOHV WKpRULHV SRXU
H[SOLTXHU O·RULJLQH GH OD PDVVH GHV SDU�
WLFXOHV pOpPHQWDLUHVµ�
'·DXWUHV PRGqOHV PDWKpPDWLTXHV �
WKpRULH GHV FRUGHV G·(�:LWWHQ RX JpR�
PpWULH QRQ FRPPXWDWLYH G·$� &RQQHV�



+LJJV HW VHV SRWHV



+LJJV HW VHV SRWHV



+LJJV HW VHV SRWHV



&RVPRV ����

8Q SHX PRLQV DPELWLHX[��� OD VWDELOLWp GX V\VWqPH VRODLUH

µ(Q ����� OD 7HUUH HQWUHSRVH VHV GpFKHWV QXFOpDLUHV VXU OD /XQH R� HOOH D GpMj
LQVWDOOp XQH EDVH OXQDLUH QRPPpH $OSKD� /H �� VHSWHPEUH� XQH H[SORVLRQ GH
FHV VWRFNV SURYRTXH XQH WHOOH UpDFWLRQ HQ FKDvQH TXH OD /XQH TXLWWH O·RUELWH
WHUUHVWUH SXLV OH V\VWqPH VRODLUH� 'DQV O·LQFDSDFLWp GH UHJDJQHU OD 7HUUH� OHV
��� VXUYLYDQWV FRPPDQGpV SDU OH FKDULVPDWLTXH FRPPDQGDQW .RHQLJ� HUUHQW VXU
O·DVWUH GDQV OH FRVPRV HW DIIURQWHQW WRXWHV VRUWHV GH GDQJHUV�µ



&RVPRV ����

/·pTXDWLRQ GH 1HZWRQ

PM[̈M = −*
Q∑

N "=M

PMPN([M − [N)
|[M − [N|3

3UREOqPH GHV WURLV FRUSV �+� 3RLQ�
FDUp� � 6ROHLO� 7HUUH HW /XQH� ,QWUR�
GXFWLRQ GH O·DSSOLFDWLRQ µGH SUHPLHU
UHWRXUµ�

3HUPHW GH UDPHQHU O·pWXGH G·XQ V\V�
WqPH G\QDPLTXH FRQWLQX HQ GLPHQVLRQ
� �pTXDWLRQ GLIIpUHQWLHOOH� j O·pWXGH
G·XQ V\VWqPH G\QDPLTXH GLVFUHW HQ GL�
PHQVLRQ � �LWpUDWLRQV G·XQ GLIIpRPRU�
SKLVPH��
6ROXWLRQ SpULRGLTXH → SRLQW IL[H� /D
G\QDPLTXH V·RUJDQLVH DXWRXU GX SRLQW
IL[H�



&RVPRV ����

µ&KDFXQH GH FHV FRXUEHV QH GRLW MD�
PDLV VH UHFRXSHU HOOH�PrPH� PDLV HOOH
GRLW VH UHSOLHU HOOH�PrPH G·XQH PD�
QLqUH WUqV FRPSOH[H SRXU YHQLU FRX�
SHU XQH LQILQLWp GH IRLV WRXWHV OHV
PDLOOHV GX UpVHDX� 2Q VHUD IUDSSp SDU
OD FRPSOH[LWp GH FHWWH ILJXUH� TXH MH
QH FKHUFKH PrPH SDV j WUDFHUµ �������
%LIXUFDWLRQ KRPRFOLQH �

0RGqOH VLPSOH SRXU GpFULUH HW pWXGLHU
OD FRPSOH[LWp GH FH SKpQRPqQH � OH IHU
j FKHYDO GH 6� 6PDOH�

&·HVW OH SUHPLHU H[HPSOH KLVWRULTXH GH
V\VWqPH FKDRWLTXH � WUqV IRUWH VHQVL�
ELOLWp DX[ FRQGLWLRQV LQLWLDOHV�
/D VWDELOLWp GpSHQG GHV GLPHQVLRQV GH
+DXVGRUII GHV HQVHPEOHV GH &DQWRU
LQYDULDQWV TXH O·RQ REWLHQW j OD OLPLWH�



&RVPRV ����



*pRPpWULH GH 9�

$ SHLQH GpOLUDQW��� &UpHU PDWKpPDWLTXHPHQW GH OD YLVLRQ

µ<RX NQRZ��� , NQRZ WKLV VWHDN GRHVQ·W H[LVW���µ



*pRPpWULH GH 9�



*pRPpWULH GH 9�

3UREOpPDWLTXH � FRPSUHQGUH FRPPHQW
OH V\VWqPH YLVXHO KXPDLQ FUpH GH OD
JpRPpWULH Oj R� D SULRUL LO Q·\ HQ D SDV�
3URFHVVXV HQ GHX[ WHPSV �
�� /HV WRXUV GH QHXURQHV GX FRUWH[
YLVXHO IRQW XQH DQDO\VH GH W\SH RQ�
GHOHWWH �)RXULHU ORFDO PXOWL�pFKHOOH��
&·HVW OH PrPH W\SH G·DQDO\VH TXH SRXU
OD FRPSUHVVLRQ -3(* �����
�� 'DQV XQ GHX[LqPH WHPSV� FHV DQD�
O\VHV VRQW FRQQHFWpHV SDU XQH VWUXF�
WXUH GH FRQWDFW GDQV XQ ILEUp �GRQW OD
ILEUH HVW O·HQVHPEOH GHV GLUHFWLRQV��
7UqV JURVVLqUHPHQW� XQH FRXUEH HVW
µYXHµ FRPPH O·HQVHPEOH GH VHV WDQ�
JHQWHV TXH OD VWUXFWXUH GH FRQWDFW LQ�
WqJUH���

/LHQV DYHF OD IRQFWLRQQHOOH LQWURGXLWH
SDU '� 0XPIRUG HW -� 6KDK

((X) = λ

∫

Ω
(I− X)2G[

+

∫

Ω\6X
|∇X|2G[+ νH1(6X)

SHUPHWWDQW G·DSSUR[LPHU XQH LPDJH I
SDU XQH LPDJH X OLVVH SDU PRUFHDX[�



*pRPpWULH GH 9�

([SpULHQFH GH YLVLRQ µHQWRSWLTXHµ VL�
PXOpH VRXV /6' �

/H UpVXOWDW GH OD VLPXODWLRQ JUkFH DX
PRGqOH PDWKpPDWLTXH �



*36

8QH EUqYH KLVWRLUH GH OD JpRPpWULH

���� DQV G·KLVWRLUH SRXU V·HQWHQGUH GLUH µGRQJ���GRQJ��� YRXV GpSDVVH] OD
YLWHVVH DXWRULVpH �µ



*36

'pEXW GH O·KLVWRLUH � OHV pOpPHQWV G·(XFOLGH ����� j ����� HW OH FLQTXLqPH D[LRPH���

3DU WRXW SRLQW H[WpULHXU j XQH GURLWH
GRQQpH SDVVH XQH XQLTXH GURLWH SDUDO�
OqOH

3HUPHW GH GpPRQWUHU TXH OD VRPPH
GHV DQJOHV LQWpULHXUV G·XQ WULDQJOH HVW
��� GHJUpV

4XDWUH DXWUHV D[LRPHV � LQFLGHQFH�
RUGUH� FRQJUXHQFH HW FRQWLQXLWp
/D TXHVWLRQ � GDQV TXHOOH PHVXUH D�W·RQ
EHVRLQ GH FHW D[LRPH " RX QH GpFRXOH�
W�LO SDV GHV TXDWUH DXWUHV "
$ SULRUL XQH TXHVWLRQ JUDWXLWH VXU OH
V\VWqPH LQWHUQH GHV PDWKpPDWLTXHV�
YRLUH XQH TXHVWLRQ SKLORVRSKLTXH j
SURSRV GH ´TX·HVW�FH TXH IDLUH GH OD
JpRPpWULH "µ
9RLUH PrPH XQH GLVFXVVLRQ GH FDIp���



*36

/H KpURV� %� 5LHPDQQ ����� j ����� � UHSHQVHU OD QRWLRQ G·HVSDFHV HW GH PHVXUHV

%HUQKDUG 5LHPDQQ �DOOHPDQG�� /$ Op�
JHQGH GHV PDWKpPDWLTXHV���

����� KDELOLWDWLRQ ´8EHU GLH +\SRWKH�
VHQ ZHOFKH GHU *HRPHWULH ]X *UXQGH
OLHJHQµ �RULHQWpH SDU *DXVV�

'·DSUqV &� +HUPLWH � ´O·DXWHXU Gp�
SDVVH LQILQLPHQW OD TXHVWLRQ GX SRV�
WXODW G·(XFOLGH���µ� ´5LHPDQQ DERUGH OD
FRQVLGpUDWLRQ GH O·HVSDFH RX G·XQH PXO�
WLSOLFLWp j XQ QRPEUH TXHOFRQTXH GH GL�
PHQVLRQV� LO HQ pWDEOLW OH FDUDFWqUH HV�
VHQWLHO FRQVLVWDQW HQ FH TXH OD SRVLWLRQ
G·XQ SRLQW GpSHQG GH FH QRPEUH GH YD�
ULDEOHV� HW LO pWXGLH OHV PHVXUHV GRQW
FHW HVSDFH HVW VXVFHSWLEOHµ�
'DQV FH WH[WH� %� 5LHPDQQ LQWURGXLW���
OHV YDULpWpV ULHPDQQLHQQHV ���� /D JpR�
PpWULH QH VHUD SOXV MDPDLV OD PrPH���



*36

/HV QRXYHOOHV GURLWHV GH OD JpRPpWULH � OHV JpRGpVLTXHV

&RPPHQW GpILQLU JpRPpWULTXHPHQW
XQH GURLWH GH VRUWH TXH OH �qPH
D[LRPH SUHQQH GX VHQV GDQV GHV
FDGUHV JpRPpWULTXHV SOXV JpQpUDX[ "
'HX[ SURSULpWpV IRQGDPHQWDOHV GHV
GURLWHV GX SODQ � FH VRQW OHV FRXUEHV
TXL UpDOLVHQW OH SOXV FRXUW FKHPLQ
HQWUH GHX[ SRLQWV HW TXL GpFULYHQW
OH PRXYHPHQW UHFWLOLJQH HW XQLIRUPH
FRUUHVSRQGDQW j XQH DFFpOpUDWLRQ
QXOOH�
&HV GHX[ SURSULpWpV VRQW �SOXV RX
PRLQV� pTXLYDOHQWHV GDQV OH FDGUH GH
OD JpRPpWULH GH 5LHPDQQ � HOOHV FDUDF�
WpULVHQW OHV FRXUEHV JpRGpVLTXHV�

(Q JpRPpWULH QRQ HXFOLGLHQQH K\SHU�
EROLTXH� SDU XQ SRLQW H[WpULHXU j XQH
JpRGpVLTXH GRQQpH SDVVHQW XQH LQIL�
QLWp GH JpRGpVLTXHV QH OD UHFRQWUDQW
SDV �



*36

/D JpRPpWULH ULHPDQQLHQQH� OD UHODWLYLWp JpQpUDOH HW OH *36

/·HVSDFH WHPSV LQWURGXLW SDU $� (LQ�
VWHLQ SRXU GpFULUH OD UHODWLYLWp JpQp�
UDOH HVW XQH YDULpWp ULHPDQQLHQQH��� XQ
HVSDFH PXQL G·XQH JpRPpWULH QRQ HXFOL�
GLHQQH� /HV SDUWLFXOHV GH OXPLqUH� OHV
SKRWRQV� GpFULYHQW GHV JpRGpVLTXHV
TXL QH VRQW SDV GHV GURLWHV PDLV GHV
FRXUEHV WRUGXHV SDU OH FKDPS GH JUD�
YLWDWLRQ� /D QRWLRQ GH GURLWH j OD (X�
FOLGH Q·D DXFXQ VHQV GDQV FHW HVSDFH
JpRPpWULTXH�

3RXU IRQFWLRQQHU FRUUHFWHPHQW XQ
*36 GRLW XWLOLVHU OH IDLW TXH OD JpRPp�
WULH GH O·HVSDFH WHPSV HVW QRQ HXFOL�
GLHQQH �
)LQ GH O·KLVWRLUH " )LQ G·XQ WRPH � 6L
OHV PDWKpPDWLFLHQV GX ��qPH VLqFOH
RQW GpFRXYHUW OD JpRPpWULH QRQ HX�
FOLGLHQQH� FHX[ GX ��qPH VLqFOH RQW
GpFRXYHUW OD JpRPpWULH QRQ FRPPXWD�
WLYH���

*αβ = −κ7αβ *αβ = 5αβ −
1

2
Jαβ5
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